Abstract. There are a lot of unsolved problems or issues regarding Kronecker products, vec-operator and Commutation matrices. We derived further properties and results of Kronecker products, vec-operator and Commutation Matrices.
Introduction
The central property of the Commutation matrix I m,n is that it transforms vecA into vecA , where A is an arbitrary m × n matrix. We shall denote this matrix as I m,n . It is known that I m,n can be used for reversing the order of Kronecker product, a property very uesful in the calculation of matrix derivatives and moment of matrix quadratic form.
In section 2, we review a number of known results on Kronecker products, vec-operator and Commutation matrices. In section 3, we shall derive further properties and results of Kronecker products, vec-operator and Commutation Matrices.
Basic Notations and Preliminary Results
In this section, we summarize some preliminary results on Kronecker products, vec-operator and Commutation matrices. Definition 1. Let A = (a ij ) be an m × n matrix and B = (b kl ) be a p × q matrix. The mp × nq matrix with a ij b kl as the element in the (ik)th row and the (jl)th column is called Kronecker product of A and B and is denoted by A ⊗ B; that is,
For an m × n matrix A, let vecA denote the mn vector obtained by 'vectorizing' A; that is, vecA = (a 1 , a 2 , · · · , a n )
if A = (a 1 , a 2 , · · · , a n ), where a i is an m vector.
Definition 3. The Commutation matrix I m,n is an mn×mn matrix containing mn blocks of order m×n such that the (ij)th block has a 1 in its (ji)th position and zeroes elsewhere. One has
where H ij is an n × m matrix with 1 in its (ij)th position and zeroes elsewhere, and can be written as H ij = e i e j is the ith unit column vector of order n.
Some preliminary results on Kronecker products, vec operator and Commutation matrices are:
For I m : m × m identity matrix,
For A : m × n matrix and B : p × q matrix,
For A, B, C, and D conformable matrices,
For details, see Magnus and Neudecker (1979) , Neudecker and Wansbeek (1983) and Neudecker and Wansbeek (1987) .
Some Results on Kronecker products and Commutation matrices
In this section, we will show a couple of relation between Kronecker products, vec-operator and Commutation matrices. Those relations are very useful in calculating moment of matrix quadratic form in multivariate analysis. They are also statistically meaningful in matrix algebra.
Proof. Let A : m × n, B : p × q and C : r × s be arbitrary matrices. Applying (4), (5) and (1), Tracy and Sultan (1993) have obtained the following equality.
Also, applying (4), (5) and (1), we get
Since A, B and C be arbitrary,
using (1), (2) and (3).
Theorem 3.2. The following equalities hold.
Proof. Let A : m × n, B : p × q, C : r × s and D : u × v be arbitrary matrices. 
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The following equalities hold.
Proof. Using results on Theorem 3.2, we can show easily that the above equalities hold.
Corollary 3.4. The following equalities hold.
Proof. Let A, B, C and D be arbitrary m × n matrices. Substituting p = r = u = m, q = s = v = n and applying Theorem 3.2, we get the following relations.
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Proof. Using results on Corollary 3.4, we can show easily that the above equalities is true.
Corollary 3.6. The following equalities hold.
Proof. Let A, B, C and D be arbitrary n × n matrices. Substituting m = p = q = r = s = u = v = n and applying Theorem 3.2, Corollary 3.6 is obtained.
vec(A ⊗ B ⊗ C ⊗ D) = (I n 2 ⊗ I n 2 ,n 2 ⊗ I n 2 )(I n ⊗ I n,n ⊗ I n 2 ⊗ I n,n ⊗ I n ) ·(vecA ⊗ vecB ⊗ vecC ⊗ vecD).
Corollary 3.7. The following equalities hold.
(I n ⊗ I n,n 3 ⊗ I n 3 )(I n 3 ⊗ I n,n 2 ⊗ I n 2 ) = (I n 2 ⊗ I n 2 ,n 2 ⊗ I n 2 )(I n ⊗ I n,n ⊗ I n 5 ) (I n ⊗ I n,n 3 ⊗ I n 3 )(I n 4 ⊗ I n 2 ,n ⊗ I n ) = (I n 3 ⊗ I n 3 ,n ⊗ I n )(I n ⊗ I n,n 2 ⊗ I n 4 ) (I n 2 ⊗ I n 2 ,n 2 ⊗ I n 2 )(I n 5 ⊗ I n,n ⊗ I n ) = (I n 3 ⊗ I n 3 ,n ⊗ I n )(I n 2 ⊗ I n 2 ,n ⊗ I n 3 ) (I n 5 ⊗ I n,n ⊗ I n )(I n ⊗ I n,n ⊗ I n 5 ) = I n ⊗ I n,n ⊗ I n 2 ⊗ I n,n ⊗ I n Proof. Substituting m = p = q = r = s = u = v = n and applying Theorem 3.3, we can prove Corollary 3.7.
Conclusions
There are a lot of unsolved problems or issues regarding Kronecker products, vec-operator and Commutation matrices. For example, there is no exact formula of the general moment of matrix quadratic form. In fact, only the third moment of matrix quadratic form has been solved. The equalities proven in this paper will contribute to study in this area.
